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TERMINAL 3-FOLD DIVISORIAL CONTRACTIONS OF 
A SURFACE TO A CURVE I 

NIKOLAOS TZIOLAS 

Abstract. Let F C AT be a smooth curve on a 3- fold which has 
only index 1 terminal singularities along this curve. In this paper 
we investigate the existence of extremal terminal divisorial con- 
tractions E C Y — > r C A, contracting an irreducible surface 
E to T. We consider cases with respect to the singularities of the 
general hypersurface section of A through F. We completely 
classify the cases when S is Ai, i < 3, and D2n for any n. 



0. Introduction 

One of the main objectives of birational geometry is to identify in 
each birational class of varieties some distinguished members which are 
"simple" and are called minimal models, and then study the structure 
of birational maps between them. 

In dimension two, satisfactory results were known for over one hun- 
dred years. In higher dimensions, a program called the minimal model 
program (MMP) was developed to search for minimal models. After 
contributions of Reid, Mori, Kawamata, Kollar, Shokurov and others, 
the program was completed in dimension three by Mori in 1988. Ac- 
cording to this program, a variety X is called a minimal model iff it is 
Q-factorial, terminal and Kx is nef. According to Mori's theorem: 

Theorem 0.1 (Mori88). Let X be a Q-factorial, terminal projective 
3-fold. Then there is a sequence of birational maps 

X = Xi > X2 > > X„ = X' 

such that X' is Q-factorial, terminal projective and exactly one of the 
following cases happen: 
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1. Kx' is nef and hence X' is a minimal model. 

2. X' is a Mori fiber space. This means that there exists a morphism 
f : X' — > S such that S is normal, dimS" < 2, p{X'/S) = 1 and 
—Kx' is f -ample. 

The birational maps that appear in the theorem are divisorial con- 
tractions and flips. It is also known [ [Ko-Mo98| that any birational 



map between minimal models is an isomorphism in codimension one 
and a composition of flops. Terminal flops were classifled by the work 
of Kollar 



The structure of birational maps between Fano flber spaces is much 
more complicated. A program called the Sarkisov program was devel- 
oped by Sarkisov, Reid and Corti to factorize birational maps between 
these spaces as a composition of so called "elementary links" ||Cor95 



These links consist of flops, flips and divisorial contractions. Therefore 
to better understand the structure of birational maps between Fano 
flber spaces, it is important to understand divisorial contractions and 
flips. Flips were classifled by Kollar and Mori [ Ko-lVlo9'^ . However the 



structure of divisorial contractions is not yet completely understood. 

Let E d Y — > r C X be a divisorial contraction. Mori and 
Cutkoski completely classify such contractions when Y is Gorenstein. 
In particular, if dim F = 1, then X is smooth along F and Y is just the 
blow up of X along F. 

Moreover, Kawamata [|Kaw94|| showed that if there is a point P G 



F C X such that P G X is a cyclic quotient terminal singularity, then 
F = {P} and / is a weighted blow up. 

Divisorial contractions of a surface to a point, i.e. when F = {pt}, 
have been studied by Luo, Corti, Kawakita and others. 

This paper studies divisorial contractions of a surface to a curve, i.e. 
when dimF = 1 and X has only index 1 terminal singularities along 
F. It is not always true that given F C X, then there is a terminal 
contraction of a surface to F. We investigate when there is one, give 
criteria for existence or not and in the case that there is a terminal 
contraction we also describe the singularities of Y . 



By Reid's general elephant conjecture | Ko-Mo92 ], if a terminal con- 
traction exists then there is a DuVal section F C C X. We base the 
classiflcation of contractions on the type of singularities of a general S 
through F instead of X itself. 



Theorem p..8| shows that under certain conditions there is always a 
canonical contraction. 

The objective of the rest of this paper is to investigate when the 
contraction is terminal in the case that F is smooth. 
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I would now like to point out that for most applications this is the 
most interesting case and therefore it is not a big restriction to concen- 
trate on the case that F is smooth. In particular, when one studies the 
birational rigidity of a Fano 3-fold, it is important to exclude certain 
curves as maximal centers. In most cases ||Cor-ReiOO| these curves are 



either lines or conies. Moreover, Miles Reid believes that a curve that 
is a maximal center can have at worst nodes as singularities. This is 
supported by a large class of examples that he calculated. Finally I 
believe that the methods of this paper can be used to work the case 
when F has at worst local complete intersection singularities. 

In order to investigate the existence of a terminal contraction, it 
is important to obtain normal forms for the equations of F C S C X. 



This is done in Proposition [18 



Theorem gives criteria for existence in the case that S is Ai with 
i < 3 and theorem |6.1| treats the case when S has Z)2n singularities. 

There is an important difference between the and D2n+i, as well 
as for the higher An cases. The main difficulty is the explicit calcu- 
lation of the Q-factorialization Z of Ei, as appears in the proof of 
theorem [L^. The reason of this difficulty becomes clear in lemma 6.2. 
I have developed a method of calculating Z and under one technical 
restriction i was succesfull in obtaining results for the D2n+i cases too. 
Unfortunately at this moment I do not see how to remove this restric- 
tion or how to present the results in a "nice" and not too technical 
way. I plan to address these problems in a follow up paper. 

Part of this work was done during my visit to Princeton University 
in April 2001. 

I would like to thank Janos Kollar for many interesting and useful 
discussions during my visit to Princeton, and Miles Reid who suggested 
this problem to me. 

1. Uniqueness and Canonical Contractions 
First we define divisorial contractions. 
Definition 1.1. A 3- fold divisorial contraction is a morphism 

f -.E CY — CX 

such that: 

1. X and Y are Q-factorial. 

2. Y — E = X — r and E is a prime divisor. 

3. —Ky is f -ample. 

4. piY/X) = 1. 
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The next proposition shows that under certain conditions, the con- 
traction if it exists is unique. 

Proposition 1.2. Let f : E C Y — )• T C X be a 3- fold divisorial 
contraction of an irreducible surface E to a curve F. Suppose that X, 
Y are normal, dim/(y**"^) — Q, X has isolated singularities and —E 
is f— ample. Then 

Y^Proj(Bd>o4% 
Proof. Since —E is f — ample, it follows that 

Y ^ ®d>of*OY{-dE). 

The proposition will follow once it is shown that f^Oyi—dE) = ij^^x- 
Since by assumption X has isolated singularities and dim/(y**"^) = 0, 
there are finitely many points Pi, ■ ■ ■ , in X so that X — {Pi, ... , P^} 
and Y — f^^{P^, . . . ,Pk} are smooth. Hence by Mori's classification 
of smooth terminal contractions, / is just the blow up of F away from 
Pi, . . . , Pjfc. Hence 

f^Ori-dE) \x-{Pu-,Pk}=^r,x U-{Pi,... .p*} 

Now let s e Ox- Since dim/"^(a;) < l,\fx e X, 

s e f^Ovi-dE) s \x-{Pi,...,Pk}^ ^r,x U-{Pi,...,Pfc} • 

The proposition will now follow immediately from the following simple 
property of symbolic powers. 

Lemma 1.3. Let A be a ring and mi, . . . , m^ be maximal ideals. Let 
I G A be a prime ideal such that I ^ n^=imj. Let a E A such that 

O' |5pecA— {mi,... ,mfc} t I . 

Then a e I^'^l 

Proof. SpecA — {mi, . . . ,mfe} = Usenm, SpecAs. The assumption im- 
plies that a G I'^Ag, Vs G HiUii. Let s G HiUii - I. Then s^a G for 
some u. Hence a E □ 

□ 

In particular, terminal contractions of a surface to a curve are unique. 
However this is not true for canonical if the condition dim/(y*'"^) — 
is removed, as shown by the next example: 

Example 1.4. Let X be given by x'^ + y'^z + + t^ = and F : 
X = z = t = 0. Then there are 2 non-isomorphic canonical divisorial 
contractions gi : Si C Zi — > V <Z X contracting the surfaces Si C Zi 
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toT. Zi has index 1 and is singular along a section of Si — > T and 
Z2 has index 2 and its singular locus is 02 '^{^)- 

Proof. The statement about the contraction Z2 — > X follows from 



Theorem |6.1| . So here we will only show how to construct the contrac- 
tion gi : Zi — > X. 

Let / = (x^, z,t). Let gi : Zi = BjX — > X be the blow up of the 
ideal / in X. Zi C x P^. Let u, v, w be coordinates for P^. Look 
at the chart w 0. Zi is given by 

x'^ — ut = 

u + y'^v + vh^ + = 

There is only one (/i-exceptional divisor Si given hj x = t = u+y^u = 0. 
Zi is easily seen to be singular along the line I: x = t = u = v = 
which lies over F. Moreover, since Zi is a complete intersection, it has 
index 1. □ 

The singularities of the general hyperplane section 5* of X through F 
are very important for the study of terminal contractions as shown by 
the following theorem. 

Theorem 1.5 ( |[Ko-Mo92|| ). Let f : X D C — > Y 3 Q be an ex- 



tremal neighborhood. Then the general member Ex of \ — Kx\ and 
Ey = f{Ex) G I — Ky\ have only DuVal singularities. Moreover, the 
minimal resolution of Ey dominates Ex ■ 

From this it follows that if a terminal contraction exists, then there 
is a DuVal section S containing F. The converse is not true as shown 
by the next example. 

Example 1.6. Let X be given by x'^-\-y'^z-\-z"'-\-t"^ = 0, withn,m > A, 
and T: x = z = t = 0. Then the contraction exists but it is only canon- 
ical, even though the section S given by t = is -D„+i. 

Proof. The section 5* through F given by t = is -Dn+i, F C 5* is of 
type DFi (look at definition [4.3|) and therefore by Lemma 7.3 so is the 
general section. Moreover, by lemma 7.4, there is no section of X 



containing F. Now the result follows from Theorem 6. 1.2. a. □ 



The next example shows that there are cases when there is no DuVal 
section containing F, and hence we can immediately conclude that there 
is no terminal contraction. 

Example 1.7. Let X be given by x'^ + y^ + z^ + yt'^ = and T : x = y = 

z = 0. Then there is no DuVal section of X containing F and hence 
there is no terminal contraction. Moreover, the blow up Y = B^X of 
X along F is not even canonical. 



6 



NIKOLAOS TZIOLAS 



Proof. First observe that G X is a cD^ singularity and therefore 
terminal. The section t = is the surface 

which is easily seen to have D4 singularities. 

A general hyperplane containing F in is given hj x = ay + bz. 
Hence the corresponding section of X, S, is 

S : {ay + hzf + y^ + z^ + yt^ = 0. 

This is not DuVal. To see this blow up the origin. In the affine chart 
given hj y = yt, z = zt, the blow up is given by 

{ay + bzf + yh + z^t + yt' = 0. 

Blow up again. In the affine chart y = yt, z = zt, the blow up is given 

by 

{ay + hzf + y^t^ + z^t^ + yt^ = 0. 

This is singular along the line ay + bz = t = and hence it is not 
normal. Therefore the original singularity is not DuVal. Hence there 
is no DuVal section of X containing F. 

Now let / : y = B^X — > X be the blow up of X along F. In the 
affine chart x = xz, y = yz, Y is given by 

Y : x^z + y^z^ + z^ + yt^ = 0. 

Moreover, 

x'^z + y'^z^ + z^ + yt^ = x^z + {y^ + \)z^ + yt^ ~ x^z + z^ + yt^ 

which is singular along the line I: x = z = t = Q. A typical section 
given by y = a is , 

x'^z + z^ + at^ = 0. 

Blow up the origin twice as before to get a nonnormal surface. Hence 
Y has a line of at best log canonical singularities. 

Hence the existence of a DuVal section through F is important to 
conclude that Y = Bj-X is canonical in Proposition |2?^. □ 

The previous example shows the significance of the existence of a DuVal 
section S* of X through F. Therefore from now on we will assume the 
existence of such a section. In fact, we will study the existence of 
terminal contractions by considering cases with respect to the type of 
singularities of the general S through F, instead of the singularities of 
X itself. 

To start with we will show that there is always a canonical contrac- 
tion. 
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Theorem 1.8. Let X be a Q-factorial index 1 terminal 3-fold and 
T G X an irreducible curve having at worst plane curve singularities. 
Suppose there is a DuVal section S of X containing T. Then there 
is an extremal contraction g : W — > X contracting an irreducible 
surface E to T, with W canonical and dimg{W'^^"'^) = 0. In particular, 
R{T, X) = ©„>oXr"^ is finitely generated. 

The proof of the previous theorem will be given in section 3. 

2. Some easy lemmas 

Definition 2.1. Let X be a normal algebraic variety, and D a Q- 
C artier divisor in X. 

1. Let P G X. Then the index of D at P, indexp{D), is defined to 
be the smallest r G N — such that rD is Cartier at P. 

2. The global index of D in X , indexx{D) is the smallest r G N — 
such that rD is Cartier. 



Lemma 2.2. Let X be a threefold. Suppose that its singular locus is 
an irreducible curve T and that it has only hypersurface singularities. 
Let D be a Q- Cartier divisor on X . Then 

indexp{D) = indexx{D) 

for any point P E T. Hence the index of D can be computed at any 
point of r. 

Proof. The proof is almost identical to that for the case of isolated 
index 1 terminal singularities that appears in ||Kaw88|| . I am not aware 



of a reference for this more general case and therefore I include it for 
the convenience of the reader. 

Let r = index x{D)- Then there are finitely many possibilities for 
index p{D). Suppose that ri < r2 < ■ ■ • < = r be these possibilities. 
Suppose that ri = index p^{D). Since F is irreducible, riD is Cartier 
at all but finitely many points where D has index greater than ri. We 
can assume that it is only one, say P, since the result is local. Hence 
index p{D) = r. Then D' = riD is Cartier everywhere except P. Let 

TT-.W ^X 

be the index 1 cover of D'. Hence 

W -n-\P) — >X -P 

is etale. X has hypersurface singularities and therefore by ||Mil68| , Th. 
5.2] 

7ri(X - P) = 0. 
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Hence the cover is trivial and therefore D' is Cartier. □ 

Lemma 2.3. Let P G F C X. Suppose that P E X is a 3-dim index 
1 terminal singularity, and that P E T is a plane curve singularity. 
Let f : Y = Bi X — > X be the blow up of X along T. Then /"^(F) — 
El + mE2. El is an irreducible surface over F. If P & T is smooth, 
then E2^F^. Otherwise E2^F'^ orE2^^. 

Proof. The result is local around P. Since P e X is an index 1 terminal 
singularity, P is a cDV point. Hence we can assume that X C C^. 
Suppose P e F is smooth. First we will show that dim/~^(P) = 
2. Suppose not. Let P G S* C X be a general hypersurface section 
transversal to F. Then P G 5* is DuVal and S' = f~^S is just the 
blow up of P in S. In particular, it is normal and Kg' — f*Ks. If 
dim/~^(P) = 1, then f*S = S'. In particular, S' is Cartier. Moreover, 
since / is generically the blow up of a smooth curve, Ky — f*Kx + Ei. 
Since Y is CM and S' Cartier, 

Ks' = {Ky + S') \s'= {f*Kx + Ei + f*S) \s'= 
= {f*{Kx + S) + El) \s'^ f*Ks + El \s'^ Ks' + Ei ^ 

It now follows that Ei \s'— 0, which is impossible. Hence dim f~^{P) — 
2. Now in both cases, since F has at worst plane curve singularites at P, 
Xp^c* is generated by a regular sequence (?2- fi's}- Hence PpC^ — 
C"^ is the blow up of a regular sequence and thus all its fibers over F 
are isomorphic to P^. Hence £'2 = P^. □ 

Lemma 2.4. Let P E T C S . Suppose that P & F is at worst a plain 
curve singularity, T — P is smooth, and S is a normal and canonical 
surface. Let f : S' = BrS — > S be the blow up of S along F. Then S' 
is normal. 

Proof. Clearly, S' — /~^(P) = S — P since it is the blow up of a Cartier 
divisor. So the result is local over P. Hence we can assume that 
ScX^C^. Let / : y = BrX — ^ X he the blow up of X along F, 
and E the /—exceptional divisor. Since P G F is a lei singularity, Y is 
just the blow up of a regular sequence, say {gi,g2} in X. Hence 

E^¥r{lT,x/llx)- 

In particular, dim/~^(x) < 1 \/x E X. Hence since Y is the blow up 
of a smooth curve away from P, Y is normal. Moreover, 

f*S ^S' + E and Ky = f*Kx + E . 
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Hence 

KY + S' = nKx + S). 

By [ |Ko97| , Th. 7.3], the pair {X,S) is also canonical. Hence {Y, S') is 
also canonical and hence pit. By |P:<.o-Mo98| , Th. 5.51] and |P:<.o97|| , S' 
is normal and canonical. □ 



Lemma 2.5. Let P E T C X . Assume that T is smooth and that 
P E X is a 3- dimensional normal hypersurface singularity. Let f : 
Y = BrX — y X be the blow up of X along T. Let P E S G X be a 
general hypersurface section through P. Then 

f*S = S' + {mpX - 1)^2 

where mpS is the multiplicity of S at P and f^^iX) = Ei + dE2 as in 
lemma 2.3. 

Proof. Suppose that f*S = S' + aE2. /^^(r) = Ei + dE2 is Cartier 
and Oy{Ei + rf^a) = Cy(-l). Then, 

f*S ■ {El + dE2f = S' ■ (El + dE2f + aE2 ■ (^i + rf^s)' 

Since E2 = P^ it follows that E2-{Ei + dE2f = 1. Moreover, S' = BpS 
the blow up of 5* at P. Let F be the exceptional divisor. Then F"^ = 
-mpS = mpX, and F^ = S' ■ {Ei + dE2f. Moreover, {Ei + dE2f = 
El ■ {El + dE2) + dE2 ■ {El + rf^a) = A + ciL, where A is a section of 
El — > r and L a line in E2 = P^. Hence 

f*S ■ {El + dE2f = ^ ■ r = 1 

and thus 

a = nipS — 1 = mpX — 1 

□ 



Lemma 2.6. Let f : E — > T be a morphism from an irreducible 
surface to an irreducible curve. Suppose that f~^{Po) = Cq is an irre- 
ducible curve and Pq E T a smooth point. Let f~^{P) = J^i^^i^i /^'^ 
another point. Then Cq = Yli ^i^i /o'^ &t > 0. 

Proof. Let F' — > T be the normalization of F, and E' = T' E. 
Hence there is a fiber square 

E' E 



a 



f 
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Since F' is smooth, for any point Q over P, g ^{P) = g ^{Q). Apply 
p'^ to get the result. □ 

Proposition 2.7. Let P E T C X . Assume that P E X is an index 1 
terminal singularity and X normal, let f : Y = B^X — > X. Then: 

1. IfV is smooth, then Y is normal of index 1. 

2. If there is a DuVal section P E V <Z S <Z X and V has at worst 
plane curve singularities, then Y is normal and canonical of index 
1. 

3. Ky = f*Kx + ^1 + dE2, and f-\T) = + dE2 is Cartier hut 
El, E2 are not Q- Cartier. 

Proof. First we will show that Y is CM and that cuy is invertible. The 
result is local around P. Since P E X is index 1 terminal, it is cDV. 
So we can assume that X C — U. Let W — BrC^. Since F has at 

worst plane curve singularities, W is the blow up of a regular sequence 
and therefore W is lei and hence CM and uw is invertible. Moreover, 

E^f-\r)^E^¥r{Ir,u/llu) 

is Cartier and irreducible. Suppose that f*X — Y + aE, a eN. Hence 
Y G W is Cartier and hence is CM and ujy is invertible. 

Now assume that F is smooth. Since P E X is cDV, mpX = 2. Let 
P E S C X he a, general hypersurface section. Then P E S is DuVal. 
From lemma 2.5 it follows that 

f*S ^S' + E2 

Since E2 = and S' + E2 is Cartier, it follows that Y is smooth at the 
generic point of E2 and hence regular in codimension 1 and therefore 
normal. This shows 1. 

Now suppose that /~^(F) = Ei + dE2. This is of course Cartier. 
Since Y dW is Cartier, we can use adjunction to calculate Ky. Since 
W — f'^{P) is the blow up of a smooth curve, it follows that 

Kw = f*Ku + 2E. 

moreover, f*X = Y + E. Hence 

Ky = {Kw + Y) \y= f*{Ku + X) + E |y= f*Kx + E |y= 
= fKx + Ei + dE2. 

If Ei were Q-Cartier, then for a fiber 5 oi f disjoint from E2 and a line 
I C E2, S = al, a> 0. Hence < I ■ Ei = a6 ■ Ei = a6 ■ {Ei + d^s) = 
— a < 0, which is not possible. Of course one could argue that in this 
case the exceptional would have to be irreducible which is not the case. 
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Now suppose that a DuVal section T C S C X exists. Then S = 
X n H for some general plane in U. Therefore, f*H = H' + E and 
hence it follows that 

f*S = S' + E, + dE2. 

In particular, 5" is Cartier. From lemma 2.4 it follows that S' is normal 
and canonical and therefore since S' is Cartier, Y is smooth at some 
points of E2 and hence regular in codimension 1 and therefore normal. 

Since X is terminal and 5* is canonical it follows that (X, S) is canon- 
ical. Adjunction for S' in Y gives that 

KY + S' = r{Kx + S). 

Hence the pair {Y, S') is also canonical. Since Y has index 1 and S' is 
DuVal, it follows that Y is also canonical. □ 

If there is no DuVal section S containing F, then Y may fail to be 
canonical. In fact as shown by Example 1.7, it may not even be log 
canonical. 



3. Proof of Theorem 1.8 



Let f : Y = B^X — > X. Then by proposition 2!7, Y is canonical 
and normal. Therefore by |[Kaw88| ], there is g : Z — > Y such that g is 
an isomorphism in codimension 1 and —Ef = g^^Ei is Q— Cartier and 
(yf-ample. More precisely, R{Ei,Y) = ©jCy (— ■iE'i) is finitely generated 
and Z = PToiR{Ei,Y). Hence Kz = g*KY and Z is canonical. In 
fact since X is Q-factorial, Z is also Q— factorial. We want to contract 
E2 = g^^E2 over X and obtain the required contraction. Let Cj be the 
5f-exceptional curves. Of course Ci C E^ . Then Kz ■ Ci = 0. On the 
other hand, for a / C E2 , the birational transform of a line in E2 = ^'^, 

Kz -1 = Ky -1 = {Ei + dE2) ■ / = -1< 0. 



Therefore, NE{Z/X) contains i^^-negative extremal rays. Let R be 
one. Then R = M+[A] for an irreducible curve A. A must be contained 
in E2 ■ Suppose not. Then it is a fiber of E^ — > F. Let L = EiH E2. 
Then from lemma 2.6, A = + a^Cj, with a, > 0. Hence in this 
case R cannot be extremal. If it was then [Ci] G R which is impossible. 
So all the ii'^-negative extremal curves are contained in E2 . Now by 
the relative cone theorem there is a contraction p : Z — > W over X. 
There is a factorization: 

ry 9 



p 



Y 
f 



W — ^ X 
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By [|Ko-Mo98| , Prop. 3.38], W is also canonical and for any exceptional 



divisor, F, with center in a{F, W) > 0. Moreover by |[Benv85| 

since Z is Gorenstein, p : Z — > W is divisorial and therefore 

q:W — >X 

is the required contraction. 

□ 

From the previous proof it becomes clear that W is terminal iff Z has 
only isolated terminal singularities along the ^f-exceptional curves Cj 
and away from E2 ■ To investigate when this happens, it is important 
to obtain an explicit description of the Q— factorialization of Ei, Z. In 
general this is difficult. However in the cases that the general section 
S' of X through T is or Ai with i < 3, it is possible to get such a 
description and therefore treat these cases completely. 

4. Normal forms for T c S c X 

We will study the existence of terminal contractions by considering 
cases with respect to the type of singularities that the general section 
5 of X through F has. To do this it will be necessary to obtain normal 
forms for the equation of F C 5* C X. 

There is a classification of pairs {S, F) when S is DuVal and F C 5* 
a smooth curve. 



Theorem 4.1 ( | |J af92| ] ) . Let ^ T C S be a smooth curve in a DuVal 



surface S . Then under suitable coordinates, S is given by g = and F 
by an ideal I as follows: 

Type g I Where 

Ai ^"+1 _ xy 4 = (x - z", y - n>l, l<k<^ 

Dn + y'^z — z"-~^ {x, z) n> 4 

D2n + y'^z - ^2"-! (a;, y - n > 3 

D2n+i x"^ + y'^z — 2;^" (x — z^,y) n>2 

Eq x"^ + — z"^ {y, X + z"^) 

E7 x"^ + y^ + yz^ (x, y) 

Let U — > S be the minimal resolution of S and let E^ be the excep- 
tional curves. The different forms for the defining ideal of F correspond 
to the possible position of F in the fundamental cycle. 

For the purpose of this paper it will be more convenient to fix the 
equations of F and vary this of S. The next lemma does this and it 
also shows the relation between the position of F in the fundamental 
cycle and its defining ideal. It essentially follows from ||Jaf92 |. 



Lemma 4.2. With assumptions as before. 
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1. Suppose that & S is An, and that the fundamental cycle is 

El E2 E„-i E„ 

o — o ■■ — o — o. 

IfT intersects the Ek then it is given by the ideal Ik- 

2. Suppose that & S is Dn and that the fundamental cycle is 

En-l 
O 

El E-z -B„-2 
o — o • • — o 

En 
O 

r can only intersect Ei, En-i or En- If it intersects Ei then it is 
given by I — {x, z) and S by + y^z + z^'^ = 0. If it intersects 

En-i or En, then by an obvious change of variables: 

(a) In the case, S is given by x"^ + y'^z + 2yz'^ = and T by 

I = ix,y)- 

(b) In the D2n+i case, S is given by x^ + y'^z + 2xz'^ — and V 
by I ^ (x,y). 

Definition 4.3. Let T be a smooth curve on a surface S. Suppose 
that S has exactly one singular point on F which is of type Dn- Let 
f : U — > S be its minimal resolution and V — f~^r. Then: 

1. r C 5" will be called of type FDi ifV intersects Ei in the minimal 
resolution of S. 

2. T G S will be called of type FDr ifV intersects En or En-i- 

Next we will derive the simplest possible normal forms for G F C 
S G X. To do this it is necessary to obtain some properties of S. 

First we will show that if e X is cAn then e 5" is A^ for the 
general section S oi X containing F. 

Lemma 4.4. Let G T G X , F a smooth curve and G X a cAn 3- 
fold singularity. Then the general hyperplane section S of X containing 

F is Ajn- 

Proof. Since F is smooth, we can assume that it is given by x — y — 

z = 0, and X by 

q{x, y, z) + y, z)t^] = 

k 

and the section given by i = is A„. Therefore 

y, z) = q2{x, y,z) + Y^ qi{x, y, z) 

i>3 
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with q2{x, y, z) a quadratic that is not a square. 

A general hyperplane through V is x — by -\- cz. Then S is given by 

52 (% + cz, y,z) + ^ qi(hy + cz, y, z) + (piipy + cz, y, z)f] = 0. 

i>3 i 

It's quadratic term is 

i>2 = 92 + cz, y, z) + tl{hy + cz, y, z) + at^ 

where l{hy + cz, y, z) is hnear. G 5* is A„ iff ■«/'2 is not a square. If it 
is a square, then putting i = it follows that q2{by + cz,y, z) is also a 
square. 

Claim: If q2{by + cz,y,z) is a square for all b, c then q2{x,y,z) is 
also a square. 

To see this suppose that 

q2{x, y, z) = aix^ + a2|/^ + a^z^ + a^xy + a^xz + a^yz. 

Then 

q2iby + cz,y,z) = 

= (ai6^ + 02 + 04^*)?/^ + (oic^ + 03 + asc)-^^ + {2bcai + a^c + 056 + aQ)yz. 
This is a square iff 

4(aiC^ + 03 + a5c)(ai6^ + 02 + 046) = {2bcai + a^c + a^b + Oe)^ V6, c. 
Hence ai = 04 = 05 = and 40203 = Og. But then 
q2{x, y, z) = a2y^ + a^z"^ + Oei/^ 
is a square. □ 

Now let / : r = BrX — > X as before. Let f-\r) ^ Ei + dE2. We 
want to relate d with some quantity on the general hyperplane section 
S oi X, through V. 

Lemma 4.5. Let f : Y = B^X — > X . Assume that Y is canonical. 
Suppose that /^^(F) = Ei + dE2. Then there is a DuVal section S of 
X containing T such that if g : S' = f~^S : — > S, then 

g-\T) = r + dE 

and E = is the g-exceptional curve. In fact this is true for the 
general the general section S of X through F. 

This way we see that somehow d controls the type of the general 
hyperplane section through F. This result will be useful! later when we 
try to get normal forms for the equations oiOeTcScX. 
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Proof. Let Q e L ^ EiH E2 he a. cDV point and let S' (ZY he general 
through Q. Then Q E S' is DuVal. Since S' is general it has the 
property that 

S' n (El + dE2) ^T' + dE 
and r' maps to F. Moreover, for a general 6 C Ei, 

S-S'^l 

and hence 

6-{S' + Ei + dE2) = 0. 
Therefore, there is a Cartier divisor S,0eTgS(1X such that 

fS ^ S' + Ei + dE2. 

By adjunction 

Ks' = (Ky + S') \s'^ f*{Kx + S) \s'^ f*Ks. 
Therefore S is canonical with the required property. □ 

The next proposition relates d with the type of singularities of 5". 

Proposition 4.6. Let P E T G S . T a smooth curve and P E S 
DuVal. Let g : S' — > S be the blow up of S along T. Let E be 
the g-exceptional curve which is necessarily irreducible. Suppose that 
g~^{r) = r' + dE. Let f : U — > S be the minimal resolution of S, 
Ei the f -exceptional curves and T" the birational transform ofT in U . 
Then 

1. Suppose that P E S is An and that T" intersects E^, I < k < 
[^]. Then 

(a) 

fc-l n-k+l fc-1 

[f-\r)] ^r" + Y,^E, + k J2 Ei + - i)En^k+i+i- 

i=l i=k 1=1 

(b) E = En-k+i, and d = k. 

2. Suppose that P E S is D„. Then F" intersects one of the edges of 
the dual graph of S. Then 

(a) With notation as in lemma 4-2.2, if T" intersects Ei, then 
E — El and d = 2. Moreover S' is smooth along T' and 

n-2 

[/-i(r)] = r" + 2j2E, + En-i + En 

i=l 

(b) Ifr" intersects E^-i then 
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(i) Ifn is even, then E — E^-i, d — n/2, S' is smooth along 
r' and 



'n 



(ii) If n is odd, then E = E^, d 



and 



Corollary 4.7. Let P e V d S d X , T smooth and P e X a cDV 
point. Let f -.Y = BrX — > X, f'^{T) = Ei + dE2 and L = EinE2. 
If P & S is a singularity, then Y has finitely many singular points 
on L and therefore a Q-factorialization of Ei is obtained by blowing up 
El. 

Proof. From the previous proposition it follows that S' = f~^S is 
smooth at one point of L. Therefore since S' is Cartier, Y is also 
smooth at this point and hence has finitely many singularities along 
L. □ 



Proof proposition 5.6. Let Z = [f^^iT)]. This is an integral cycle. 
From the properties of the blow up it follows that g^^{r) is Cartier 
and hence Z ■ E = —1 and Z ■ E^ = for all i such that Ei ^ E. 
Moreover, d is just the coefficient oi E in Z. 

We will only do the case when G 5 is D„, with n odd, and F" 
intersects En-i. The rest is similar. In fact the An is simpler. 

Observe that since S has embedding dimension 4 and S' is the blow 
up of a smooth curve, it follows that g^^{0) = E — Therefore E 
appears with coefficient 1 in the fundamental cycle and hence it must 
be one of the edges. 

So let Z = T" + Y.iaiEi, e N. 

There are three cases to be considered. Only one will give an integral 
cycle and this will be the answer. 
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Case 1: Check if E = E^. The relations Z ■ En = —1 and Z ■ Ei = 0, 
W i n give the system of equations 

—2ai + a2 = 
ai — 2a2 + = 

a.„_3 - 2a„_2 + a„-i + a„ = 
a„_2 - 2a„_i + 1=0 
a„_2 — 2a„ = — 1 

It is easy to see that the solution of this system is ai = i for 2 < i < 
n — 2, and a„_i = a„ = (n— l)/2. This solution gives an integral cycle. 
Similarly we see that the cases E = En-i and E = Ei do not give 
integer cycles and hence are not possible. 
Therefore, 

""2 - 1 - 1 

[f-\T)] = T" + E, + 2J2E^ + ^^-1 + 

i=2 

E = En and d={n- 1) /2. □ 

We are now in position to get normal forms for the equations e F C 
5* C X in the case that G S* is Dn and 5* is general through F. We 
will not treat the general An case here and so I will not attempt to 
write normal forms in this case. However, normal forms for the case 
when G 5 is A3 will be given in the proof of Theorem |5.1j . 

Proposition 4.8. Suppose OeTgSgX,S general. Suppose that 
G S is Dn- Then under suitable choice of coordinates, G F C 5 C X 
is given by: 

1. IfTcSisof type FDi, then 

X : + y^z + 2;"-^ + t(p>2{y, z, t) = 0, Jr = (x, z, t). 

Moreover no y^ appears in (j)>2{y,z,t) for any k. For n = 4 this 
is the only possibility. 

If n > 5 then 02 = 0. That is X is given by 

+ yh + z^-^ + t(l)>s{y, z,t) = 

and again there is no y^ appears in (j)>s{y, z,t) . 

2. Suppose that T C S is of type FDr- Then 

(a) If n is even then O^TcScXis given by: 

x^ + yh + 2?/2;"/2 + t(j)>2{y, z, t) = 0, h = (x, y, t). 
Moreover, There is no z^ in (f)>2{y,z,t) for any k. 
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(b) If n is odd then Q&VdSdXis given by: 
(i) 

x"^ + y'^z + 2xz^ + t[axz'' + (f)>2{y: z,t)] — 0, k>l Ir — {x,y,t). 
No yz or z^ appear in 4>>2{y, z, t) for any v. a G Z. 

(ii) Alternatively, the equation can take the form 
x^ + y'^z + 2xz^ + t[xzilj{z, t) + axt^ + hxt^ + 0>2(?/, z, t)] = 0, 

k >1, It = {x,y,t) and in this case, y"^, yz, or z" do not 
appear in (f)>2{y, z, t), for any v. 

Sometimes it is better to have 2.6 and sometimes 2. a. The existence 
of may comphcate calculations. 

Proof. We will apply the following methods: 

1. The Weierstrass preparation theorem 

2. The elimination of the -term from the polynomial a„y" + 
a„_iy"~^ + • • • by a coordinate change y — > y — an-i/nUn when 
a„ is a unit. 

3. Let Ml, M2, M3, M4 be multiplicatively independent monomials 
in the variables x, y, z, t. Then any power series of the form 
Ml ■ (unit) + M2 ■ (unit) + M3 ■ {unit) + M4 ■ (unit) is equivalent to 
Ml + M2 + M3 + M4 by a suitable coordinate change x 1— > x • {unit) , 

y ^ y ■ {unit), z z ■ {unit), t ^ t ■ {unit). 

Case 1: Suppose that V" intersects Ei in the dual graph. 
Then by lemma 4.2, OeFcXis given by 

x'^ + y'^z + z^~^ + t(;6>i(x, y, z, t) = 0. 

Apply the Weierstrass preparation theorem on x^ to eliminate x from 
(f). Moreover, by lemma 4.4, if has linear terms, then e X is cA^ and 
therefore the general section F C -S" C X is A^^ which is not possible 
by our assumptions. Therefore F C C X is given by 

x^ + y^z + z"-^ + t(l)>2{y, z, t) = 0, 

and F = {x, z, t). 
Now suppose that 

0>2(z/, z, t) = f>2{y) + $>2(y, z, t), 

with no y'^ in ^>2{y, z, t). Then write f{y) — y^ ■ {unit), k > 2. Then 
the equation of X is 

+ y'^{z + ty''-'^ ■ {unit)) + z""^ + t<5>2{y, z, t) = 0. 
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The change of variables z ^ z — ty^~'^ ■ {unit) will give the normal form 
claimed by the first part of 1. 

We will get further restrictions on (p in the case n > 5 later. 

Case 2: Suppose that T" intersects En-i or En and that n = 2m. 

Again by lemma 4.2, and by applying the Weierstrass preparation 
theorem it follows that F C S C X is given by 

+ yh + 2yz'" + t(f)>2{y, z, t) = 0, 

and Jr = {x,y,t). We want to eliminate z'' as well. Suppose as before 
that 

0>2(2/, Z, t) = f>2{z) + $>2(2/, t) = Z^ ■ {unit) + $>2(l/, Z, t). 

Claim: k > m. 

If this is true, then the equation of X can be written as 

+ y^z + 2z"'{y + tz^'"^ ■ {unit)) + ti)>2{y, z, t) = 0. 

Then the change of coordinates y ^ y~tz^~^ ■ {unit) gives the claimed 
normal form. 

To see the claim, we will show by using lemma 4.5 that ii k < m 
then there is a Dg section F C T C X with s < n. By that lemma, we 
just have to show that if / : F = B^X — > X and f^^iV) = Ei + dE2, 
then d < m. 

Calculate the blow up. In the chart x = xt, y = yt, Y is given by 

xH + yHz + 2yz"^ + z^ ■ {unit) + ^>2{yt, z, t). 

For t = we get that Ie^ = {t, 2yz^~^ + {unit)), = {t, z) and 

r\T) = Ei + kE2 

and k < m. So we obtain 2. a. 

Case 3: As in case 2 but n = 2m + 1. 

Again by the preparation theorem the equation ofOGFcScX 
takes the form 

(1) x^ + y^z + 2xz"' + t(l)>2{y,z,t) = 

with Jr = {x, y, t). 

We want to eliminate z'^. As before, write 

^>2{y, z, t) = f>2{z) + ^>2{y, z, t) = z^ ■ {unit) + ^>2{y, z, t), 

and for the same reasons as in the previous case it follows that k > m. 
Moreover, in this case, k > m. Because suppose that k = m. Then by 
using (1), one can calculate, just like the proof of Theorem |6.1| that if 
/ : Y — > X is the blow up of X along F, and /~^(F) = Ei + mE2, 
then Y has finitely many singularities along L = Ei (1 E2. But this is 
not possible as follows from lemma |6.2|. 
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Then (1) becomes 

+ y'^z + 2z^{x + tz^-"^ ■ {unit)) + t$>2(y, z, t) = 0. 

The change of variables x >—>■ x — tz^'"^ ■ {unit) and t h- >• t/{unit) makes 
the equation of X 

x^ + y^z + 2xz"' + tlaxz" + 0>2(y, z, t)] = 0, 

1/ > 1 and Jr = {x,y,t) and no power z'^ appears in 0>2(?/, z,t). 

To ehminate yz, write (f)>2{y,z,t) = byz + {other} and make the 
change of coordinates y i— > y — bt/2. This will produce the required 
normal form. 

Sometimes it is preferable to eliminate y'^ too. To do that write 
<P>2{y, z, t) = cy^+{other} and make the change of variables z h- >• z—bt. 
This will produce the normal form in 2.b.ii. 

The only thing left to show is the second statement of 1. for n > 5. 
The point is that 

Claim: If 4>2{y, z,t) ^ then there is a L>4 section S of X through 

r. 

We already know that in the DFi case it is possible to write the 
equations of F C C X as 

G^x^ + y^z + z"-^ + t(f)>2{y, z, t) = 0, 

and no power of y, y'', appears in 0>2(?/, z, t). Let 

(j)>2{y, z, t) = (f)2{y, z, t) + (f)>3{y, z, t). 

Let (t>2{y-i z, t) = aiz"^ + 02^^ + a^yz + a^yt + 052;^. Let S be the section 
given by t — Xz. This is given by 

F{x, y, z) = x^ + y^z + ^''"^ + Xz4>2{y, z, Xz) + Xz(j)>^{y, z, Xz) = 0, 

and 

02(1/, z, Xz) = (ai + a2A^ + osA)^^ + {a^ + a4,X)yz. 

If 02 7^ 0, then for general A at least one of the coeffiecients of z'^ or yz 
in not zero. 

Case 1: Both coefficients are nonzero, i.e., 

a = ai + a2X^ + a^X ^ and b = + a^X 7^ 0. 

Hence 02 (j/, ^, Xz) = az'^ + byz, ab ^ and 

F^x'^ + y^z + z^-^ + Xz{az^ + byz) + Xz(f)>s{y, z, Xz). 

Now write 

0>3(z/, z, Xz) = zf>2{y) + z^f>i{y, z, Xz). 
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Also write f>2{y) = y^fiy), k>2. Then 

F^x^ + yh + yz^[\b + \y'-'fiy)] + z'[\a + z"-^ + Xf>,{y, z, \z)] = 
= + y^z + yz^ ■ z^ ■ U2 

where, 

ui = Xb + Xy'^~^ f (y) and U2 — Xa + z"-"^ + Xf>i{y, z, Xz) 
are units. Hence 

F = + zly"^ + yz-ui + z^ ■ U2\. 

Now ehminate the yz-term by the change of variables y ^ y — zui/2. 
Hence the equation becomes 

F = x^ + z[y^ ^ + z'^U2] =x'^ + y'^z + z^{u2 - -^). 

We will now consider cases with respect to the nature oi5 = U2 — 
Suppose that 5 is a unit. Then 

F ^ + y'^z + z^ 

and therefore 5" is D4. 

Suppose now that 5 is not a unit. First check when this happens. 
By looking at how Mi, U2 are defined, we see that 

5^{Xa —) + {higher}. 



Therefore 5 is not a unit iff 



a-^ = 0, VA. 



But this implies that 



ai + X^a2 + Aos = -A(a3 + a^XY 
for all A, and hence 

ai — a2 — — 4a5 — a\ — Q. 

Therefore 

<t>2{y,z,t) = ^a^zt^ayz. 
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Then 

G = x'^ + y'^z + z^~^ + ti^a^zt + ayz) + t0>3(|/, z, t) = 
= + z{y'^ + ^a^f + ayt) + ^""^ + i0>3(?/, z, t) = 

= + ^(y + ^atf + + t0>3(|/, ^, t). 

Make the change of variables y ^ y — ^at to bring the equation in the 
form 

+ yh + z"-^ + i0>3(y, z, t) = 0, 

which is what we want. 

We must now check what happens if a = or 6 = for all A. 
Suppose that a = 0. Hence = and therefore 

<t>2{y,z,t) = a^yz + a^yt. 

Then 

02(y, z, \z) = (03 + a4,\)yz 

which is nonzero for general A. Let S again be the section defined by 
t — \z. This is given by 

-F = + y'^z + z^"^ + Xz(j)2{y, z, \z) + Xz(f)>s{y, z, \z) = 

+ y^z + z'^~^ + A2;^y(a3 + a^X) + \z(t)>^{y, z, \z) = 

+ + A(a3 + a^Xjyz) + z"""^ + Xz(f)>3{y, z, Xz) = 0. 

Now eliminate the yz term by the change of variables 

y ^y - A(a3 + a4X)z/2 

to get 

F = x^ + z{y^ - j^z^) + 2"-^ + A^0>3(z/, z, Xz) = 

where 7 = A(a3 + aiX)z/2. Since there is no isolated power y^ it is 
possible to write 

0>3(y, 2, A2;) = zf>2{.y) + z^f>i{y, z) 
and f>2{y) = f{y) foi' > 2. Hence 

F = + - f ^3 ^ ^ Az^yVCy) + A^V>i(y, ^) = 

= + y''z[l + A^y'=-V(y)] + -2^[-7 + {higher}] = 
— x'^ -\- y^z ■ {unit) + ^ • {unit) ~ + y^z + z^, 
and hence S is which is not possible. 
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The last case to consider is when 03 = 04 = 0. In this case, 

02(2/, -2, t) = aiz^ + «2^^ + a^zt, 

and therefore 

02(2/, 2, A^) = 
where 7 = ai + a2A^ + a5A. Hence 

F = + + 2"-^ + A^(7^^ + 0>3(t/, z, \z)). 
Again write 0>3 = zy^f{y) + z^f>i{y, z), and hence 

F = + y^^ + + Xzi^z'' + zy'fiv) + zV>i(y, z)] = 
= + y^^ + z"-^ + 7A^^ + A^^y + A^V>i(y, ^) = 
= + y'z[l + Xzfiy)] + z'[^X + z^'^ + A/>i(y, z)\ = 
+ y^z ■ {unit) + 2;^ • {unit) ~ + y^^ + 

and therefore S is again D4 which is impossible. 

This concludes the proof of the proposition. □ 

5. The Ai, A2, and As cases. 

In this section we will study the existence of terminal contractions 
in the case when G 5 is ^41, ^42, ^3 and T" intersects the edge of the 
dual graph. 

Theorem 5.1. Let P & T G S G X . Suppose that G S is An. Then 

1. Suppose that T" intersects one edge of the dual graph. (In partic- 
ular, this is always the case when n = 1, 2). Then there is always 
a terminal contraction E G W — > T G X contracting a surface 
E to r. Let i{W) be the index ofW. Then 

n + l< i{W) < 2n. 

In particular if n = 1 then i{W) = 2 and the index 2 points ofW 
are cA. Ifn — 2 then i{W) e {3,4}. Moreover, 

R{V,X)^®a>o4% 

is finitely generated by elements of degrees at most 2n. 

2. Suppose that n = 3. Then 

(a) // r" intersects one edge of the dual graph, then there is a 
terminal contraction as follows from the previous part. 

(b) // r" intersects E2, i.e. the middle of the dual graph, then 
write the equation ofVGSGX as 

+ + /<3(y, z, t) + />4(y, z, t) = 0, 
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no y"^ appears in f<3{y, z, t) and Ir = {x, y,t).( This is always 
possible). Then a terminal contraction exists iff' there is no 
proper irreducible component of {f<3{y, z,t) = 0) C C'^ that 
goes through the origin. If it exists, then it has index 2 and 
its index 2 points are cA. 



Proof. Fix notation as in the proof of Theorem 1.8 



Case 1: Assume that T" intersects one edge of the dual graph. 



Now proceed as in the proof of Theorem |1.8| . To determine whether 
or not the contraction is terminal, it suffices to check whether Z has 
isolated terminal singularities away from E2 , or not. From proposition 
4.6 it follows that d = 1 and therefore 

f-\r) = E^ + E2. 

El, E2 are both smooth and hence Y = B^X is cA^ along L = E'l ni?2- 
Let C (Z Z he a ^f-exceptional curve. It must lie over a cDV point and 
therefore Z can have at most finitely many terminal singularities along 
C. Hence W is terminal. 

Now to find the index of W. Let 6 G N such that 

Kz = p*Kw + bE^. 

Claim: E2 has index n. 

Let S' = f*S. Then S' has exactly 1 singular point which is An-i. 
This follows since F" intersects the edge of the dual graph. So at the 
generic point of L, Y has a An-i point as follows from lemma 4.5 and 
proposition 4.6. At this point, Ei, E2 correspond to two lines at the 
edge of the dual graph Therefore uEi , nE2 are Cartier at all but finitely 
many points. 

Since Ei + E2 is Cartier, it follows that the singularities of Y lie on 
L = El (1 E2. In fact if tt, > 2, then Y is singular along L. If not then 
by lemma 4.5, there is a F C S* C X such that 5" = BrS is smooth 
along S' n El. But by proposition 4.6 this implies that 5* must be Ai 
which is not possible. 

Moreover, since Z has index 1, it has hypersurface singularities and 
therefore by lemma 2.2 the indices of Ef and E2 can be computed at 
any point of . Therefore, they have index n. 

Let / C E2 be the birational trasform of a line in E2 = contracted 
by p. Then, / ■ E2 = —a/n, a G N. Moreover, 

l-E^ + l-Ef = -1 



and clearly / ■ Ef < 1. Hence 



-2 < / ■ < -1. 
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Therefore n < a < 2n. Moreover, Kz ■ I = Ky ■ I = —1 and hence 
b = n/a. In fact a = n is not possible. If it was then 

Kz = p*Kw + El 

Moreover, 

Kw = q*Kx + EY and Kz = h* Kx + + 

where h = f o g : Z — > X. Combining the above relations it follows 
that 

which is not possible. Now the claim about the indices follows imme- 
diately. 

The statement about the type of singularities follows from [|Ko-Mo92| , 
Theorem 4.7]. 

Case 2: n = 3. The only case to study is when T" intersects the 
middle of the dual graph. It will be necessary to obtain a normal form 
for the equation T C S C X . 

Lemma 5.2. Let & T G S G X . Suppose that G S is an A3 
singular point and that T" intersects the middle of the dual graph in 
the minimal resolution of S . Then under suitable coordinates, G F C 
S G X can be written as 

+ + 2xz^ + t0>i(x, 2, t) = 

and Ir = {x, y, t) and no power appears in 0>i(x, z, t). 

Proof. By Theorem 4.1, under suitable coordinates it is possible to 
write S : xy — z^ = {] and T : x — z'^ = y — z"^ = {]. The change of 
coordinates x \^ x + z"^, y y + z"^ brings it to 

xy + xz'^ + yz"^ = 

and T : X = y = 0. Now let x x — y, y x + y and apply the 
Weierstrass preparation theorem to y"^ to get 

S -.x"^ + y'^ + 2xz^ + t0>i(x, z, t) = 

and Y: x = y = t = ^. To eliminate z^ we must show that z does 
not appear in 0>i(x, If it does then it is easy to see that the 

general hyperplane section y = at + bx through F will be Ai which is 
impossible. 

So now proceed as in proposition ^4.8| to eliminate powers of z. □ 



The statement about existence of a terminal contraction is proved in 
exactly the same way as Theorem BTTI and I omit its proof. □ 



26 



NIKOLAOS TZIOLAS 



Example 5.3. Let X be given by 

x^ + y^ + 2xz^ + = 

and r : X = y = t = 0. Then there is no 3- fold terminal contraction, 
contracting a surface to T. 

Proof. In this case, the section S : (t = 0) is an type and the 
curve intersects the middle of the minimal resolution of S. More- 
over, f<s{x,z,t) — 2xz^ and there is a plane through the origin in 
f^3{x,z,t) = 0. Therefore by the previous theorem there is no termi- 
nal contraction. □ 

6. The L>2„ cases. 

In this section we will study the existence of terminal contractions 
when e 5" is a Din type for general E T C S C X. 

Theorem 6.1. Let P G T G S G X . Suppose that P E S is a Dn type 
singular point. Then 

1. Suppose that n — A. Write the equation ofPETdSGX as 

+ f'ii.y, Z, t) + />4(|/, Z,t) =Q 

where It = {x,z,t) and f3{y,z,t) is homogeneous of degree 3. 
This is always possible. Then 

(a) If f^ly, z,t) is an irreducible homogeneous cubic, then there is 

a terminal contraction W — > X of a surface to T. W has 
index 2 and has exactly one singularity which is of cA^ type. 
Moreover, 

is finitely generated by elements of degrees 1 and 2. 

(b) If fsi^y, z,t) is reducible or 0, then there is no terminal con- 
traction. 

2. Suppose n > 5. 

(a) Suppose that F (Z S is of type FDi. Then there is no terminal 
contraction. 

(b) Suppose that T G S is of type FD^ and n is even. Then write 
the equation ofPETGSGX 

+ fziy, t) + f>4{y: Z,t) = 
with /r = {x, y, t). 

(i) If fsly, z, t) is an irreducible homogeneous cubic, then there 
is a terminal contraction W — > X of a surface to F. W 



3-FOLD CONTRACTIONS, SURFACE TO CURVE I 27 

has index 2 and has exactly one singularity which is of cD 
type. Moreover, 

is finitely generated by elements of degrees 1 and 2. 
(ii) // f^{y,z,t) is reducible or 0, then there is no terminal 
contraction. 

Proof, we will only do the second part of the theorem. The first one is 
proved in exactly the same way. 

Case 1: T" intersects Ei in the dual graph and n > 5. 

By proposition under suitable coordinates F C C X is given 

by 

+ yh + 2;"-^ + t(P>-i{y, z,t) = 
T : X = z = t = 0, and no power appears. Let 

f -.Y = BrX — > Y 
be the blow up of X along F. In the chart x = xt, z = zt it is given by 

xH + y^z + + 0>3(?/, zt, t) = 0. 

For t = we see that 

f-\T) = Ei + 2E2 

and El : z = t = 0, E2 : y = t = 0. Moreover L = Ei (1 E2 : y = z = 
t = and it is easy to see that Y has only one singular point on L, the 
origin. However it is singular along the line l:x = y = z = which 
lies in E2. 
Therefore 

g:Z = BeJ Y 
is a Q-factorialization of Ei. In the chart z = zt ii is given by 

x^ + y^z + ^"-H^"-'^ + i0>3(?/, t) = 0. 

t 

Write 

<j)>3{y, zt\ t) = tf>2{y) + t^f>i{y, z, t). 

It is easy to see that />i(0, z, 0) = 0. Then Y is given by 

+ y'z + ^"-H" + />2(l/) + t/>l(l/, Z, t) = 0. 

Now let C = g~\0) : X = y = t = 0. Then, since />i(0, z,0) = it is 
clear that Z is singular along C. Moreover since E2 = E2 = f"^, it is 
clear that C is not contained in E2 . 
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Now contract E2 = over X to get a contraction 

p:W — >X. 

However W is only canonical and not terminal since it is singular along 
C. Therefore in this case there is no terminal contraction. 

Case 2: T" intersects the other edge of the dual graph and n = 2m 
is even. 

Then again by proposition ^78| , under suitable coordinates F C S* C 
X is given by 

+ y^z + 2yz"' + t(f)>2{y, z, t) = 0, 

T: x = y = t = and no power z'^ appears. The method is the same 
as before. Blow up F. In the chart x = xt, y = yt, Y is given by 

xH + y^zt + 2yz"' + 0>2(yt, z, t) = 0. 

For t = we find that 

r\r) = E^+mE2 

and El : y = t = 0, E2 : z = t = 0. As before, Y has exactly one 
singular point on L = Ei H E2 = {y, z, t). Let 

0>2(y, z, t) = (f)2{y, z, t) + (f)>3{y, z, t). 

Whether or not W is terminal depends on what kind of singularities Z 
has away from E2 . In the chart y = yt, Z is given by 

x^ + yH^z + 2yz'^ + jMvt^ ^, t) + ^0>3(2/t', z, t) = 0. 
Write again 

0>3(y^^ z, t) = tf>2{z) + t^f>i{y, z, t) 

with f>i{y, 0, 0) = 0. Then Z is given by 

F = + yH'^z + 2yz"' + jMvt^ z, t) + f>2iz) + t/>i(y, z, t) = 0. 
Let C = g-\0) : x = z = t = 0, and 

<^>2{y,z,t) = j(f)2{yt^z,t). 
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We want to investigate the singularities of Z along C. 

dF 
ox 

oy oy oy 

oz oz oz oz 

Hence Z is singular along a point Q G C iff 

9$2 9$o 9$9 

Let 

02(y, -z, = oiy^ + 02^^ + a^yt + a^yz + a^zt. 

Then 

$2(y, ^, ^) = y02(y*^, ^, = oiy^i^ + a2t + a^yt'^ + a^yzt + a^z. 
Now it follows that 

— — = Zaiyt + aat + a42;i 
a?/ 

= a4|/t + a5 

C?$2 o 2 2 

— — = 3aiy t +a2 + 2a2,yt + a^yz 
at 



Along C, 



a$2 _ n «9$2 _ „ '9<l>2 _ „ 



Therefore, Z is either singular along C and 02 = as = 0, or has exactly 
one singular point in E2 (in the other chart). If 02 = 05 = 0, then 

02(y, z, t) = y{aiy + agt + 042;). 

A coordinate independent way to say this property is the statement of 
2.b. 

We will now find the index of the singularities of W. Suppose that 

Kz = p*Kw + aE^. 

Moreover, = £'2 = P^. -Bf is Cartier and therefore for a general 
hue I C , I ■ Ef ^ 1. On the other hand, 

I ■ {E^ + 2E^) = I ■ g*{Ei + 2E2) ^l-{Ei + 2E2) = -1. 
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Hence / ■ = — 1. Moreover, 

l-Kz = l- g*KY = 1-Ky = -1. 

Combining the above we see that a = 1 and therefore 

Kz = p*Kw + El 

E2 has index 2 and hence W has also index 2. From the above proof it 
is also clear that W has exactly one index 2 point. This, as well as the 



type of the singularities, also follows from ||Ko-Mo92| , Theorem 4.7]. 

Moreover, since W has index 2 it follows that —2E if p— very ample 
where E = E^ . The statement about the number of generators of 
R{r, X) follows immediately. □ 

The difference between the and -D2m+i cases is shown by the next 
lemma. 

Lemma 6.2. Suppose that the general section S of X containing T is 
D2n+i o-nd r G S is of type DF^. Let f : Y = BrX — > X. Let 
f^^{r) = El + dE2. Then Y is singular along L = Ei (1 E2. 

This is precisely the reason that makes the -D2n+i case very difficult 
to work with. In the D2n cases, Y had exactly one singular point on 
L and that made an explicit description of the Q-factorialization of Ei 
relatively easy. 

Proof. Suppose that Y is not singular along L. Let Q E L he a. smooth 
point. Let 5" be a general section of Y through Q. As in lemma 4.4, 
there is a section 5* of X through F such that S' = f~^S. Then by 
assumption, S is D2n+i- Then by proposition 5.6.2.b.ii, it follows that 
Q E S' is singular which is not true. □ 

The previous result could of course be proved by explicitely calculating 
Y by using the normal forms of Proposition |4.8| . 

The results of Theorem |6.1| depend on the singularities of the general 
section 5* of X containing F. To apply the theorem it would be useful 
to get information about the general section from a special section. 
The next lemma gives informaion about the general section starting 
from a special one. 

Lemma 6.3. Let F C X. Suppose that the general section of X con- 
taining F is Dk- Let PETcSQCXbea special section and suppose 
that Sq is Dn with n > 5. Then 

1. //F C 5*0 is of type DFi, then the general section S of X through 
F is Dm, m < n and also of type DFi. 

2. //F C 5*0 is of type DF^ and n is even, then the general S through 
F is D2k and also of type DF^. 
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Proof. Case 1: Suppose that F C 5*0 is of type FDi, i.e., T" intersects 
El in the fundamental cycle of 5*0. Let 5* be the general section through 
r and assume it is Dm- If T" intersects Em-i or Em in the fundamental 
cycle of S, then by proposition 4.6 it follows that d = m/2, if m is even, 
or (i = (m — l)/2, if m is odd. On the other hand, by the assumption 
on 5*0 and Proposition ^75t under suitable coordinates F C X is given 
by 



X 



+ y''z + z''-^+t(j)>2iy,z,t) = 0, 



and Jr = {x, z, t). Use notation as in lemma 

A computation as in Theorem |6.1| shows that d = 2 and Y has 



exactly one singular point on L. Hence the only possibility that the 
general section is not as claimed is that it is and T" intersects E^ 
or E^ . But then Y is singular along L as follows from lemma |6.2| . 

The fact that m < n follows from the upper semicontinuity of the 
Tyurina number of the singularity. 

Case 2: Suppose that F C 5*0 is of type FD^ and n is even. First 
we will show that it is not possible that V d S , S d X general through 
F, is of type FDi. Suppose it is. Then since n is even, S' = f~^S has 
exactly one singular point which is Dn-i as follows from proposition 
4. 6. 2. a. On the other hand, S'q has exactly one An-i singular point Q. 
Therefore Q E Y is cA^ and by | KoBa88(] it is cA^ in a neighborhood 



of Q. But then for a general T C S C X, S' is A^ and hence it must 
be of type FDr 



If F C S" is FDr but S is D2m+i for general S, then by lemma 6.2 Y 



is singular along L which is not true as follows from corollary 4.7. □ 



Hence by looking at one section we know in which part of theorem |0 
we are. So if we know that there is a section as in 1 then all we need 
to know to conclude that there is no terminal contraction is that the 
general section is not D4. The next lemma gives a criterion for that. 

Lemma 6.4. Let T <Z X be given by 

+ f>3iy,z,t) = 0, 

and F = {x,y,t). Moreover suppose that t = is a DuVal section S 
of X containing F and T" intersects Ei in the fundamental cycle of S. 
Then a D4 section of X containing F does not exist iff 

faiy, z, t) = g{y, z, t)h^{y, z, t). 



Proof. According to proposition ^^81 , in suitable coordinates F C X is 
given by 

x^ + y^z + + t0>2(y, z, t) = 0, 
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and Jr = {x, z, t). The cubic term then of the above equation is 
q3iy,z,t) = y'^z + t(j)2iy,z,t). 



From the proof of the first part of proposition |4.^ it follows that a D4 
section exists iff 

Qsiy, z, t) ^ g{y, z, i)h?{y, z, t), 

for any g{y, z, t), h{y, z, t), which is the condition claimed by the lemma. 

□ 

Example 6.5. Let X he given by 

+ y^z + 2?/z" + r + t(/.>3(2/, z, t) = 0, 
and Iy = {x,y,t). Then there is a terminal contraction iff m = 3. 

Proof. The section 5*0 given by {t = 0) is and F C 5*0 is DFj.. 
Hence by lemma 6.3 so is the general section through F, S. Now apply 
theorem lOI. □ 



Finally, I would like to mention that it will be interesting to get a 



more direct way of constructing the contraction of theorems |5.1| , |0 . 
In particular, is it true that it is a weighted blow up of the curve? I 
plan to address this question as well as treat the remaining cases in a 
fture paper. 
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